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We construct the interaction terms between the worldvolume ﬁelds of multiple M2-branes and 3-form 
gauge ﬁeld of 11-dimensional supergravity, in the context of ABJM theory. The obtained Wess–Zumino-
type coupling is simultaneously invariant under the UL(N) × UR(N) non-Abelian gauge transformation of 
the ABJM theory and the Abelian gauge transformation of the 3-form ﬁeld in 11-dimensional supergravity.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
In type IIA and IIB string theories, the RR form ﬁelds in 
10-dimensional supergravities are coupled to the D-branes through 
Wess–Zumino(WZ)-type action [1–3]. In the effective ﬁeld theory 
of multiple Dp-branes, the WZ-type action includes the couplings 
to higher rank RR form ﬁelds, which are usually referred to as 
the Myers couplings [3]. Like the WZ-type couplings of D-branes 
in string theory, WZ-type couplings of multiple M2-branes can be 
constructed [4–10] in the context of the effective ﬁeld theories, 
for instance, the Bagger–Lambert–Gustavsson theory [11] and the 
Aharony–Bergman–Jafferis–Maldacena (ABJM) theory [12]. These 
WZ-type couplings describe the couplings between M2-branes and 
3- and 6-form gauge ﬁelds in 11-dimensional supergravity.
In [9] the invariance under the non-Abelian gauge symmetry, 
UL(N) × UR(N) of the original ABJM theory [12], was utilized to 
determine the WZ-type couplings on the M2-brane worldvolume. 
The results were extended to include non-linear terms of the form 
ﬁelds [10]. The proposed WZ-type action in [9] was put to some 
tests and proven to be consistent. First, in the particular case 
of N = 1, it nicely reproduces the well-known coupling of the 
3-form gauge ﬁeld to the worldvolume ﬁelds of a single M2-brane 
[13]. Second, under the circle compactiﬁcation, the action gives 
the correct Myers coupling of the RR form ﬁelds to the world-
volume ﬁelds of D2-branes in type IIA string theory [3]. Third, in 
the particular case of a 6-form gauge ﬁeld with constant 7-form 
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SCOAP3.ﬁeld strength, the proposed WZ-type action in [7,9] reproduces 
the full supersymmetry-preserving quadratic mass-deformation of 
the ABJM theory [14,15]. Less supersymmetric cases of N = 2 and 
N = 4 in ABJM theory have also been investigated in [16,17]. The 
aforementioned tests support the correctness of the proposed WZ-
type coupling to a reasonable extent, however, there remains one 
more important test to be passed, i.e. the invariance under the 
Abelian gauge transformation of the form ﬁelds in 11-dimensional 
supergravity. It is the main goal of this paper to conduct this test.
The 11-dimensional supergravity action is invariant under the 
Abelian gauge transformation of the form ﬁelds,
Cr → Cr + dr−1, (1.1)
where r = 3, 6. Therefore, the WZ-type couplings on the worldvol-
ume of M2-branes should also satisfy the invariance under (1.1). 
For the Myers couplings of RR form ﬁelds, this issue was clari-
ﬁed in [18–20]. In this paper, we consider the WZ-type couplings 
for the 3-form gauge ﬁeld in the viewpoint of such Abelian gauge 
invariance. We show that the WZ-type couplings in [9] is invari-
ant under the Abelian gauge transformation (1.1) only when the 
ﬁeld strengths, Fμν and Fˆμν of the non-Abelian gauge ﬁelds of the 
UL(N) ×UR(N) gauge symmetry, are vanishing. In the case of non-
vanishing non-Abelian ﬁeld strengths, we show that the coupling 
needs a modiﬁcation by a piece involving those ﬁeld strengths, in 
order to be invariant under the Abelian gauge transformation. We 
ﬁnd an exact form of the modiﬁcation and propose a simple form 
of the 3-form ﬁeld couplings, which resemble the case of the My-
ers couplings [3] in string theory.
This paper is organized as follows. In Section 2, we test the 
Abelian gauge invariance of the 3-form ﬁeld couplings in all or-
ders of the expansion parameter with vanishing non-Abelian gauge  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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form of the 3-form ﬁeld couplings with non-vanishing non-Abelian 
gauge ﬁeld strengths and test the proposal is invariant under the 
Abelian gauge transformation. In Section 4 we draw our conclu-
sion.
2. Abelian gauge invariance: Fμν = Fˆμν = 0 case
In the ABJM theory of multiple M2-branes, the bosonic sec-
tor of the M2-brane worldvolume ﬁelds contains two non-Abelian 
gauge ﬁelds, Aμ and Aˆμ , and four complex scalar ﬁelds, Y A
(A = 1, 2, 3, 4). The WZ-type couplings were constructed by using 
four covariant building blocks and their complex conjugates [9]. 
These building blocks are the 3-form gauge ﬁeld C3, the 6-form 
gauge ﬁeld C6, both of which are functionals of the complex 
scalar ﬁelds, the covariant derivatives of the complex scalar ﬁelds 
DμY A = ∂μY A + i AμY A − iY A Aˆμ , and the anti-symmetrized cubic 
product of the complex scalar ﬁelds, β ABC ≡ 12 (Y AY †C Y B −Y BY †C Y A). 
The manifestly covariant objects, but missing from this list, are the 
non-Abelian gauge ﬁeld strengths, Fμν and Fˆμν . In [9], the WZ-
type couplings are constructed under the assumption that these 
gauge ﬁeld strengths are vanishing, which means that the cor-
responding non-Abelian gauge ﬁelds were in pure gauge. In this 
section, we reconsider the 3-form WZ-type couplings proposed in 
[9] and show that those are invariant in all orders of the expan-
sion parameter under the Abelian gauge transformation (1.1), when 
the non-Abelian gauge ﬁelds, Aμ and Aˆμ , are in pure gauge, i.e. 
Fμν = Fˆμν = 0.
2.1. Deﬁnitions
In order to show the Abelian gauge invariance for the 3-form 
WZ-type couplings, let us consider such type of coupling for a 
generic p-form gauge ﬁeld, which does naturally couple to a 
(p − 1)-brane. Eventually, we specialize the results to the p = 3
case. The speciﬁc form of WZ-type couplings is given by
S˜ p = μp−1
∫
p
{TrS}P [C(p)]
= μp−1
2
∫
p
dpx{TrS} 1
p!
μ1···μp (P [C(p)][μ1···μp] + (c.c.)) ,
(2.2)
where μp−1 represents the tension of (p − 1)-brane, P [· · ·] is a 
non-Abelian pullback (see below or [9]), {TrS } denotes the sum 
over all possible ways that the gauge indices can be contracted to 
form a single trace product divided by the number of independent 
terms at a given order in the expansion parameter λ. More pre-
cisely, {TrS} = {Tr}/nterms, where {Tr} is deﬁned in [9] and nterms is 
the number of independent terms at a given order in λ. General-
izing the deﬁnitions given in [9], the non-Abelian pullback of the 
p-form gauge ﬁeld is given by
P [C(p)]μ1···μp
= CA1···Am B¯1···B¯n
(
δA1μ1 IN + λDμ1Y A1
)
· · ·
(
δAmμm IN + λDμmY Am
)
×
(
δ B¯1μm+1 IN + λDμm+1Y †B1
)
· · ·
(
δ B¯nμm+n IN + λDμm+n Y †Bn
)
=
(
p
l
)(
p − l
k
)
CA1···Al B¯1···B¯k[μl+k+1···μp
× Dμ1Y A1 · · · Dμ Y Al Dμ Y † · · · Dμ ]Y † , (2.3)l l+1 B1 l+k Bkwhere 
(
m
n
)
= m!
(m−n)!n! , λ = 2π l3/2P (lP is the Planck length), and 
IN is the N × N unit matrix. Using such deﬁnition of the pullback 
for the p = 3 case, the WZ-type coupling in (2.2) gives
S˜3 = μ2
∫
d3x
μνρ
3! {TrS}
[
1
2
Cμνρ + 3λCμνADρY A
+ 3λ2(CμAB DνY ADρY B + CμAB¯ DνY ADρY †B)
+ λ3(CABC DμY ADνY B DρY C + 3CABC¯ DμY ADνY B DρY †C )
+ (c.c.)
]
, (2.4)
where μ2 is the tension of M2-brane. This form of the WZ-type 
couplings was proposed in [9].
Note that the background form ﬁelds are functions of the trans-
verse coordinates in general, so they become functionals of the 
transverse scalar ﬁelds, Y and Y †. The dependence of the 3-form 
gauge ﬁeld on the complex scalar ﬁelds is expressed by means of 
a generalized Taylor expansion,
C(Y , Y †)
=
∑
r,s
λr+s
r!s! Y
A1 · · · Y Ar Y †B1 · · · Y
†
Bs
∂A1 · · · ∂Ar∂B¯1 · · · ∂B¯s C0,
(2.5)
where the superscript ‘0’ means that the corresponding ﬁeld has 
no dependence on the complex scalar ﬁelds and we omit the in-
dices on 3-form gauge ﬁeld, and ∂A ≡ ∂∂(λY A) , ∂B¯ = ∂¯B ≡ ∂∂(λY †B ) , 
(∂∂¯ · · ·)C0 ≡ (∂∂¯ · · ·)C(Y , Y †)|Y=Y †=0. Keeping (2.5) in mind, for the 
UL(N) × UR(N) gauge invariance, each term of the WZ-type cou-
plings in (2.4) should contain equal numbers of bifundamental 
ﬁelds (Y , DY ) and anti-bifundamental ﬁelds (Y †, DY †). In addi-
tion, the gauge indices must be contracted appropriately to form a 
single trace coupling.
Using (2.3) and inserting the expanded p-form gauge ﬁeld (2.5)
into the action (2.2), we obtain the WZ-type couplings for the 
p-form gauge ﬁeld in terms of the expansion parameter λ,
S˜ p = μp−1
2
∫
p
dpx
1
p!
⎛
⎝μ(p) ∑
r,s
p∑
l+k=0
λ2qbl,rk,s + (c.c.)
⎞
⎠ , (2.6)
where l, k are the numbers of DY , DY † from the pullback in (2.3)
and r, s are the numbers of Y , Y † from the Taylor expansion in 
(2.5), and
bl,rk,s = Ul,rk,s{TrS}
[
(DμY
A)(l)(DνY
†
B)
(k)Y C(r)Y †(s)D
]
(2.7)
with
Ul,rk,s =
1
r!s!
(
p
l
)(
p − l
k
)
∂C (r) ∂D¯(s)C
0
A(l) B¯(k)μ(p−l−k) . (2.8)
In order to avoid a cluttering of our expressions, we have intro-
duced the following compact notation for our indexing
μ(p) ≡ μ1 · · ·μp,
∂A(r) ≡ ∂A1 · · · ∂Ar ,
(DμY
A)(l) ≡ Dμ1Y A1 · · · Dμl Y Al ,
Y C(r) ≡ Y C1 · · · Y Cr , etc. (2.9)
We also use indices (μ, A), (ν , B) only with DY , DY †, while the 
indices (C , D) are used only with (Y , Y †).
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gauge ﬁeld Cp . Therefore, the number of covariant derivatives in-
volved must be less than or equal to p, which means
0 ≤ l + k ≤ p. (2.10)
The coupling should also be invariant under the non-Abelian gauge 
symmetry, UL(N) × UR(N), of which realization requires that the 
number of involved bifundamental and anti-bifundamental ﬁelds 
must be the same, i.e.
l + r = k + s = q, (2.11)
where q is the total number of Y and DY (or Y † and DY †) in a 
given term of the WZ-type coupling. Using the constraints in (2.10)
and (2.11), we rewrite the WZ-type coupling (2.6) as
S˜ p = μp−1
2
×
∫
p
dpx
1
p!
⎛
⎝μ(p)
∞∑
q=0
p∑
m=0
m∑
k=0
λ2q bm−k,q−m+kk,q−k + (c.c.)
⎞
⎠ .
(2.12)
2.2. Abelian gauge invariance
To prove the Abelian gauge invariance (1.1) for the WZ-type 
couplings in (2.6), we repeatedly integrate by parts the quantity 
bl,rk,s . Then the expression (2.7) can be written completely in terms 
of a (p + 1)-form ﬁeld strengths,
F 0
μν(i)A( j) B¯(k)
= (p + 1)∂[μC0ν(i)A( j) B¯(k)], i + j + k = p, (2.13)
where we used the compact indexing notation deﬁned in (2.9). 
Once this procedure is achieved, the resulting expression is man-
ifestly gauge invariant because of the Abelian gauge invariance of 
the (p + 1)-form ﬁeld strengths.
First, let us consider the case l = 0. Integrating by parts, bl,rk,s can 
be written as
bl,rk,s = Ul,rk,s{TrS}
[
(DμY
A)(l−1)Dμ′Y A
′
(DνY
†
B)
(k)Y C(r)Y †(s)D
]
= Gl,rk,s − El,rk,s − r Al,rk,s − sBl,rk,s, (2.14)
where we omit the total derivative term and
Gl,rk,s = −(l − 1)Ul,rk,s{TrS}
×
[
(DμY
A)(l−2)Dμ′Dμ′′Y A
′′
Y A
′
(DνY
†
B)
(k)Y C(r)Y †(s)D
]
− kUl,rk,s{TrS}
×
[
(DμY
A)(l−1)Y A′(DνY †B)
(k−1)Dμ′Dν ′Y †B ′Y
C(r)Y †(s)D
]
,
El,rk,s =
(
∂μ′U
l,r
k,s
)
{TrS}
[
(DμY
A)(l−1)Y A′(DνY †B)
(k)Y C(r)Y †(s)D
]
,
Al,rk,s = Ul,rk,s{TrS}
[
(DμY
A)(l−1)Y A′(DνY †B)
(k)Y C(r−1)Dμ′Y C
′
Y †(s)D
]
,
Bl,rk,s = Ul,rk,s{TrS}
[
(DμY
A)(l−1)Y A′(DνY †B)
(k)Y C(r)Y †(s−1)D Dμ′Y
†
D ′
]
.
(2.15)
Here worldvolume indices are anti-symmetrized but are kept im-
plicit. Therefore, the presence of the two covariant derivatives act-
ing on a single object implies that such terms contain the non-
Abelian gauge ﬁeld strengths due to the relation,
[
Dμ, Dν
]
Y A = i FμνY A − iY A Fˆμν. (2.16)For this reason, we see that Gl,rk,s terms in (2.14) are vanishing in 
the case of Fμν = Fˆμν = 0. As a result, if the WZ-type coupling 
in (2.6) can be rewritten in terms of F 0(p+1) and G
l,r
k,s , then that is 
enough to prove the invariance of (2.6) under the Abelian gauge 
transformation when Fμν = Fˆμν = 0.
The expression of Ul,rk,s in (2.8) contains ∂C
0. In order to convert 
such terms to a (p + 1)-form ﬁeld strength, we need to totally 
anti-symmetrize the indices on ∂C0 as follows
∂αC
0
β1···βp = (p + 1)∂[αC0β1···βp ] + ∂β1C0αβ2···βp + · · · . (2.17)
Here the ﬁrst term of (2.17) is a component of the (p + 1)-form 
ﬁeld strength and so it is invariant under the gauge transforma-
tion (1.1). The reaming terms are not gauge invariant, therefore, 
there should be a complete cancellation of such terms in order to 
guarantee the gauge invariance. This is what we are going to show 
next.
Using the anti-symmetrization in (2.17), one can rewrite Al,rk,s
and Bl,rk,s for l = 0 as
Al,rk,s =
1
l
bl,rk,s +
p + 1
l
F A
l,r
k,s +
(l + 1)(s + 1)
lr
Bl+1,r−1k−1,s+1
− l + 1
lr
El+1,r−1k,s ,
Bl,rk,s =
r + 1
ls
bl−1,r+1k+1,s−1 +
p + 1
k + 1 FB
l,r
k,s −
(l − 1)(r + 1)
ls
Al−1,r+1k+1,s−1
− 1
s
El,rk+1,s−1, (2.18)
where
F A
l,r
k,s =
1
r!s!
(
p
l
)(
p − l
k
)
∂C (r−1) ∂D¯(s) ∂[C ′C
0···]
× {TrS}
[
(DμY
A)(l−1)Y A′(DνY †B)
(k)Y C(r−1)Dμ′Y C
′
Y †(s)D
]
,
FB
l,r
k,s =
1
r!s!
(
p
l
)(
p − l
k
)
∂C (r) ∂D¯(s−1) ∂[D¯ ′C
0···]
× {TrS}
[
(DμY
A)(l−1)Y A′(DνY †B)
(k)Y C(r)Y †(s−1)D Dμ′Y
†
D ′
]
.
(2.19)
Since the F A- and FB -terms depend on dC0 but not on C0, they 
are invariant under the gauge transformation (1.1). Here we notice 
that the expressions Al,rk,s and B
l,r
k,s in (2.18) are obtained from the 
integration by parts using the derivation operator in DμY A , there-
fore, such integration by parts does not reduce the number of DY †. 
However, Al,rk,s in (2.18) contains the expression B
l+1,r−1
k−1,s+1 with re-
duced number of DY †, hence, one should be careful in using the 
expression Al,rk,s in (2.18).
In analyzing bl,rk,s with l = 0 in (2.14), we treat the two cases 
k = 0 and k = 0, separately. For the case of k = 0, we use the 
expression Al,rk,s in (2.18) without B
l+1,r−1
k−1,s+1. Then the following re-
cursion relation is obtained,
bl,q−l0,q =
l
q
Gl,q−l0,q −
(q − l)(p + 1)
q
F A
l,q−l
0,q − l(p + 1)FBl,q−l0,q
+ l + 1
q
El+1,q−l−10,q +
l
q
El,q−l1,q−1 −
l
q
El,q−l0,q
+ (l − 1)(q − l + 1)
q
Al−1,q−l+11,q−1
− q − l + 1bl−1,q−l+11,q−1 , (2.20)q
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use the expression Al,rk,s in (2.18) due to the term B
l+1,r−1
k−1,s+1 with 
reduced number of DY †. Instead, plugging Bl,rk,s from (2.18) into 
(2.14), we obtain the other recursion relation,
bl,q−lk,q−k = Gl,q−lk,q−k −
(p + 1)(q − k)
k + 1 FB
l,q−l
k,q−k
− El,q−lk,q−k + El,q−lk+1,q−k−1
− (q − l)Al,q−lk,q−k +
(l − 1)(q − l + 1)
l
Al−1,q−l+1k+1,q−k−1
− q − l + 1
l
bl−1,q−l+1k+1,q−k−1, (2.21)
where we have set r = q − l, s = q − k. Since the expressions in 
(2.20) and (2.21) cannot cover the case of l = k = 0, we have to 
consider this case separately. In this case there appear only Y and 
Y † originated from the Taylor expansion of C(Y , Y †). When we set 
r = s = q, we obtain
b0,q0,q =
1
(q!)2
(
p
0
)(
p
0
)
∂C (q) ∂D¯(q)C
0
ρ(p)
{TrS}
(
Y C(q)Y †(q)D
)
= 1
(q!)2
(
p
0
)(
p
0
)
∂C (q−1) ∂D¯(q) ∂C ′C
0
ρ(p)
× {TrS}
(
Y C(q−1)Y C ′Y †(q)D
)
= (p + 1)F 0,q0,q +
1
q
E1,q−10,q . (2.22)
Here we have deﬁned a gauge invariant quantity,
F 0,q0,q =
1
(q!)2
(
p
0
)(
p
0
)
∂C (q−1) ∂D¯(q) ∂[C ′C
0
ρ(p)]
× {TrS}
(
Y C(q−1)Y C ′Y †(q)D
)
(2.23)
through the anti-symmetrization of the p-form gauge ﬁeld,
∂C ′C
0
ρ(p)
= (p + 1)∂[C ′C0ρ(p)] + ∂ρ1C0C ′ρ2··· + · · · . (2.24)
Now, for a ﬁxed value of q and m in (2.12), the recursion rela-
tions (2.20) and (2.21) lead to
m∑
k=0
bm−k,q−m+kk,q−k =
m∑
k=0
m − k
q
Gm−k,q−m+kk,q−k
+
m∑
k=0
m − k + 1
q
Em−k+1,q−m+k−1k,q−k
−
m∑
k=0
m − k
q
Em−k,q−m+kk,q−k . (2.25)
We omitted the dependence of F A - and FB -terms in (2.25) since 
they are generically gauge invariant under the Abelian gauge trans-
formation. We notice that (2.25) does not involve the A-terms 
because those terms are nicely canceled out between (2.20) and 
(2.21). The relation (2.25) is still valid for the m = 0 case since one 
can exactly reproduce the relation (2.22) by setting m = 0 in (2.25). 
The expression (2.25) is not gauge invariant due to the presence of 
E-terms. However, summing over all possible m we ﬁnd that the 
dependence of E-terms does cancel out. Eventually, we obtain the 
following gauge invariant relation for a ﬁxed q,
p∑ m∑
bm−k,q−m+kk,q−k =
p∑ m∑ m − k
q
Gm−k,q−m+kk,q−k , (2.26)
m=0 k=0 m=0 k=0by omitting F A- and FB -terms. Since the G-terms vanish in the 
case of Fμν = Fˆμν = 0, inserting (2.26) into (2.12), proves the 
Abelian gauge invariance of our WZ-type coupling.
We considered the pullback of Cp to the worldvolume of 
the ABJM theory for our calculational convenience. However, we 
haven’t consider the interior product of the p-form gauge ﬁeld 
with the complex scalar ﬁelds Y and Y †, which are needed to 
couple gauge ﬁelds with rank higher than p + 1 to multiple 
p-dimensional-branes. In M-theory, we need such interior product 
to write the WZ-type coupling of 6-form gauge ﬁeld to multiple 
M2-branes. The absence of such interior products in our analy-
sis in this section implies that our results are applicable only to 
the 3-form gauge ﬁeld WZ-type coupling in (2.4). Obviously, the 
Abelian gauge invariance of (2.4) follows from (2.26) by setting 
p = 3.
3. Abelian gauge invariance: Fμν = 0 & Fˆμν = 0 case
In the previous section, we showed that the WZ-type coupling 
(2.6) with vanishing gauge ﬁeld strengths is invariant under the 
Abelian gauge transformation (1.1). Once the non-Abelian gauge 
ﬁeld strengths are turned on, i.e. Fμν = 0 & Fˆμν = 0, the G-terms 
in (2.26), which are apparently not invariant under the Abelian 
gauge transformation, are non-vanishing. Therefore, for the con-
struction of gauge invariant WZ-type coupling, one has to de-
form the WZ-type coupling in (2.6) to cancel out the gauge non-
invariant piece, speciﬁcally the G-terms in (2.26). To that end, we 
start by rewriting the G-term as
Gl,rk,s = −
i
2
Hl,rk,s +
i
2
Hˆl,rk,s (3.27)
with
Hl,rk,s = (l − 1)Ul,rk,s{TrS}
×
[
(DμY
A)(l−2)
(
Fμ′μ′′Y
A′′
)
Y A
′
(DνY
†
B)
(k)Y C(r)Y †(s)D
]
− kUl,rk,s{TrS}
×
[
(DμY
A)(l−1)Y A′(DνY †B)
(k−1) (Y †B ′ Fμ′ν ′
)
Y C(r)Y †(s)D
]
,
Hˆl,rk,s = (l − 1)Ul,rk,s{TrS}
×
[
(DμY
A)(l−2)
(
Y A
′′
Fˆμ′μ′′
)
Y A
′
(DνY
†
B)
(k)Y C(r)Y †(s)D
]
− kUl,rk,s{TrS}
×
[
(DμY
A)(l−1)Y A′(DνY †B)
(k−1) ( Fˆμ′ν ′Y †B ′
)
Y C(r)Y †(s)D
]
.
(3.28)
In this section, we also follow the notation for compact indexing 
explained in the previous section. Since the ﬁeld strengths, Fμν
and Fˆμν , appear in a symmetric way, we only deal with H
l,r
k,s , for 
simplicity. We rewrite Hl,rk,s by using the property of {TrS } as
Hl,rk,s =
1
q
[
k(l − 1) J l,rk,s − kKl,rk,s + s(l − 1)Ml,rk,s − krNl,rk,s
]
, (3.29)
where
J l,rk,s = Ul,rk,s{TrS}
[(
DμY
A)(l−2)Y A′′(DνY †B)(k−1)Y C(r)Y †(s)D Dμ′′
× (Y †B ′ Fμ′ν ′Y A′)],
Kl,rk,s = Ul,rk,s{TrS}
[(
DμY
A)(l−1)(DνY †B)(k−1)Y C(r)Y †(s)D
× (Y † ′ Fμ′ν ′Y A′)],B
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[(
DμY
A)(l−2)Y A′(DνY †B)(k)Y C(r)Y †(s−1)D
× (Y †D ′ Fμ′μ′′Y A′′)],
Nl,rk,s = Ul,rk,s{TrS}
[(
DμY
A)(l−1)Y A′(DνY †B)(k−1)Y C(r−1)Y †(s)D
× (Y †B ′ Fμ′ν ′Y C ′)]. (3.30)
We would like to note that J l,rk,s and K
l,r
k,s contain Y
† F Y -terms with 
indices (A′ , B ′) which were the indices of (DY , DY †) before inte-
gration by parts. For this reason, the indices (A′ , B ′) are contracted 
with the indices of the form ﬁelds C0 in the representation of Ul,rk,s
deﬁned in (2.8). On the other hand, the indices (C ′ , D ′) in the ex-
pression of Nl,rk,s and M
l,r
k,s in (3.30) are the indices of (Y , Y
†) in the 
Taylor expansion (2.5). Therefore, those indices are contracted with 
the indices of partial derivatives ∂ and ∂¯ in the representation of 
Ul,rk,s . Subsequently we rewrite M
l,r
k,s and N
l,r
k,s in terms of Y
†
B ′ F Y
A′
through anti-symmetrization,
∂D¯ C
0
A(l−2)A′′A′ B¯(k)ρ(p−l−k)
= (p + 1)∂[D¯ C0A(l−2)A′′A′ B¯(k)ρ(p−l−k)]
+ (l − 2) ∂D¯ C0A(l−2)A′′ A′ B¯(k)ρ(p−l−k)
∣∣∣
D¯↔A + · · · , (3.31)
where ∂αC0...β...
∣∣
α↔β ≡ ∂βC0...α... . To be speciﬁc the anti-symmetriza-
tion (3.31) leads to
Ml,rk,s = (p + 1)FMl,rk,s −
(k + 1)(r + 1)
ls
K l−1,r+1k+1,s−1
+ (k + 1)(r + 1)
ls
Nl−1,r+1k+1,s−1
+ kQ l,rk,s +
(l − 2)(k + 1)(r + 1)
ls
Rl−1,r+1k+1,s−1
+ k + 1
s
Sl,rk+1,s−1, (3.32)
where
FM
l,r
k,s =
1
r!s!
(
p
l
)(
p − l
k
)
∂C (r) ∂D¯(s−1) ∂[D¯ ′C
0
A(l−2)A′′A′ B¯(k)ρ(p−l−k)]
× {TrS}
[(
DμY
A)(l−2)Y A′
× (DνY †B)(k)Y C(r)Y †(s−1)D (Y †D ′ Fμ′μ′′Y A′′)],
Q l,rk,s = Ul,rk,s{TrS}
[(
DμY
A)(l−2)Y A′′
× (DνY †B)(k−1)Y C(r)Y †(s−1)D Dμ′′Y †D ′(Y †B ′ Fμ′ν ′Y A′)],
Rl−1,r+1k+1,s−1 = Ul−1,r+1k+1,s−1{TrS}
[(
DμY
A)(l−3)Y A′′
× (DνY †B)(k)Y C(r)Dμ′′Y C ′Y †(s−1)D (Y †B ′ Fμ′ν ′Y A′)],
Sl,rk+1,s−1 = ∂μ′′Ul,rk+1,s−1{TrS}
[(
DμY
A)(l−2)Y A′′
× (DνY †B)(k)Y C(r)Y †(s−1)D (Y †B ′ Fμ′ν ′Y A′)]. (3.33)
Manifestly, the ﬁrst term in the right-hand side of (3.32) is invari-
ant under the gauge transformation (1.1). Now inserting (3.32) into 
(3.29) and integrating the K -term by parts with the help of the 
derivation operator in DY , we rewrite Hl,rk,s as
Hl,rk,s =
1
q
[
s(l − 1)(p + 1)FMl,rk,s − k(l − 1)(l − 2)T l,rk,s
− k(l − 1)(k − 1)V l,rk,s− klK l,rk,s −
(l − 1)(k + 1)(r + 1)
l
K l−1,r+1k+1,s−1
− krNl,rk,s +
(l − 1)(k + 1)(r + 1)
l
Nl−1,r+1k+1,s−1
− rk(l − 1)Rl,rk,s +
(l − 1)(l − 2)(k + 1)(r + 1)
l
Rl−1,r+1k+1,s−1
− k(l − 1)Sl,rk,s + (l − 1)(k + 1)Sl,rk+1,s−1
]
, (3.34)
where
T l,rk,s = Ul,rk,s{TrS}
× [(DμY A)(l−3)Dμ′Dμ′′′Y A′′′Y A′(DνY †B)(k−1)Y C(r)Y †(s)D
× (Y †B ′ Fμ′′ν ′Y A′′)],
V l,rk,s = Ul,rk,s{TrS}
× [(DμY A)(l−2)Y A′(DνY †B)(k−2)Dμ′Dν ′′Y †B ′′Y C(r)Y †(s)D
× (Y †B ′ Fμ′′ν ′Y A′′)]. (3.35)
Using the relation (3.34) and following the procedure to the 
result in (2.25), we obtain
p∑
m=0
m∑
k=0
m − k
q
Hm−k,q−m+kk,q−k
= (p + 1)
p∑
m=2
m−2∑
k=0
(q − k)(m − k)(m − k − 1)
q2
FM
m−k,q−m+k
k,q−k
−
p∑
m=4
m−3∑
k=1
k(m − k)(m − k − 1)(m − k − 2)
q2
Tm−k,q−m+kk,q−k
−
p∑
m=4
m−2∑
k=2
k(k − 1)(m − k)(m − k − 1)
q2
Vm−k,q−m+kk,q−k
−
p∑
m=2
m−1∑
k=1
k(m − k)
q
Km−k,q−m+kk,q−k . (3.36)
It turns out that the N-, R-, and S-terms in (3.34) disappear when 
the summation is taken over all possible k and m in (3.36). For 
the p = 3 case of our consideration in this paper, the T - and 
V -terms in (3.36) do not appear since the number of worldvolume 
indices cannot exceed three. Taking into account this observation 
and plugging (3.27) and (3.36) into (2.26), we obtain
3∑
m=0
m∑
k=0
bm−k,q−m+kk,q−k
= i
2
3∑
m=2
m−1∑
k=1
k(m − k)
q
(
Km−k,q−m+kk,q−k − Kˆm−k,q−m+kk,q−k
)
+ (gauge invariant terms), (3.37)
where Kˆ l,rk,s is deﬁned as
Kˆ l,rk,s = Ul,rk,s{TrS}
×
[
(DμY
A)(l−1)(DνY †B)
(k−1)Y C(r)Y †(s)D
(
Y A
′
Fˆμ′ν ′Y
†
B ′
)]
.
(3.38)
Since the K -terms in (3.37) are not invariant under the Abelian 
gauge transformation, the WZ-type coupling (2.2) is also not gauge 
invariant. Therefore, in order to make the WZ-type coupling gauge 
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tion in (2.2).
The forms of Kl,rk,s and Kˆ
l,r
k,s are obtained after carrying out the 
pullback (2.3) and the Taylor expansion (2.5). We want to ﬁnd a 
compact expression of these terms before the pullback and the 
Taylor expansion. To do that, we rewrite the Kl,rk,s as
Kl,rk,s =
1
r!s!
(
p
l
)(
p − l
k
)
∂C (r) ∂D¯(s)C
0
A(l−1) B¯(k−1)(A′ B¯ ′)ρ(p−l−k)
× {TrS}
[
(DμY
A)(l−1)(DνY †B)
(k−1)Y C(r)Y †(s)D
×
(
Y †B ′ Fμ′ν ′Y
A′
)]
, (3.39)
where we have replaced m − k by l in (3.37). Then using the rela-
tion
kl
(
p
l
)(
p − l
k
)
= 2
(
p
2
)(
p − 2
l − 1
)(
(p − 2) − (l − 1)
k − 1
)
,
(3.40)
we rewrite the gauge non-invariant quantity in (3.37) as
∞∑
q=1
3∑
m=2
m−1∑
k=1
k(m − k)λ2(q+1)
q
Km−k,q−m+kk,q−k
= 2
∞∑
q=0
1∑
m=0
m∑
k=0
{
λ2(q+1)
q + 1
1
(q −m + k)!(q − k)!
×
(
p
2
)(
p − 2
m − k
)(
(p − 2) −m + k
k
)
× ∂C (q−m+k) ∂D¯(q−k)C0A(m−k) B¯(k)(A′ B¯ ′)ρ(p−2−m)
× {TrS}
[
(DμY
A)(m−k)(DνY †B)
(k)Y C(q−m+k)Y †(q−k)D
×
(
Y †B ′ Fμ′ν ′Y
A′
)]}
. (3.41)
The expression (3.41) involves the scalar ﬁelds Y and Y † originated 
from the Taylor expansion (Y C , Y †D ) and the pullback (Y
A′ , Y †B ′ ) of 
form ﬁelds. Since the worldvolume ﬁeld strengths, Fμν and Fˆμν , 
appear via the integration by parts of covariant derivatives, they 
can only couple with the scalar ﬁelds from the pullback of form 
ﬁelds. Keeping in mind this observation, we have the relation,
1
q + 1 {TrS}
[(
DμY
A)(m−k)(DνY †B)(k)Y C(q−m+k)Y †(q−k)D
× (Y †B ′ Fμ′ν ′Y A′)]
= {TrS}
[(
DμY
A)(m−k)(DνY †B)(k)Y C(q−m+k)Y †(q−k)D
× (Y †B ′Y A′)Fμ′ν ′]. (3.42)
Substitution of (3.42) into (3.41) gives
∞∑
q=1
3∑
m=2
m−1∑
k=1
k(m − k)λ2(q+1)
q
Km−k,q−m+kk,q−k
= 2
1∑
m=0
m∑
k=0
λl+k+2
(
p
2
)(
p − 2
m − k
)(
p − 2−m + k
k
)
× {TrS}
[
iY iY †CA(m−k) B¯(k)ρ(p−m) (DμY
A)(m−k)(DνY †B)
(k)Fμ′ν ′
]
= 2λ2
(
p
2
)
{TrS}
(
P [iY iY †Cρ(p) ]Fμ′ν ′
)= 2{TrS}
(
P [λ2iY iY †C(p)](p−2) ∧ F
)
, (3.43)
where we introduce an interior product for a p-form ﬁeld (p) ,
iY iY †
(p) = iY(p)···B¯ ′Y
†
B ′ = (p)···A′ B¯ ′Y A
′
Y †B ′ = −iY † iY(p). (3.44)
From (2.12), (3.37), and (3.43), we read the counter term to can-
cel out the gauge dependent piece in a compact form with p = 3,
Sc.t. = −μ2
∫
3
{TrS}[P [iλ2(iY iY †)C(3)] ∧ (F − Fˆ )]. (3.45)
Here explicit expressions including {TrS } in (3.45) are given by
{TrS}[CμAB¯ Y AY †B Fνρ ] = CμAB¯ aˆbdabˆc Y
Aa
aˆY
†
B
bˆ
b Fμν
c
d,
{TrS}[CμAB¯ Y AY †B Fˆνρ ] = CμAB¯ aˆbdˆabˆcˆ Y
Aa
aˆY
†
B
bˆ
b Fˆμν
cˆ
dˆ. (3.46)
For more details of CμAB¯
aˆbd
abˆc
and CμAB¯
aˆbdˆ
abˆcˆ
, see (2.7) in [9]. Similar 
form of counter term with (3.45) was also obtained in [7], in which 
the form ﬁelds are not functionals of scalar ﬁelds. Addition of the 
counter term (3.45) to the action (2.2) ﬁnally deﬁnes the gauge 
invariant WZ-type coupling for the 3-form gauge ﬁeld,
S3 = μ2
2
∫
3
{TrS}
[
P [C(3)] + (c.c.)
]
− μ2
2
∫
3
{TrS}
[
P [iλ2(iY iY †)C(3)] ∧ (F − Fˆ ) + (c.c.)
]
.
(3.47)
4. Conclusion
This paper is a complement of the program started in [9]. The 
objective of the program is to construct the WZ-type couplings de-
scribing the dynamics of multiple M2-branes in non-trivial 3- and 
6-form ﬁelds in 11-dimensional supergravity.
In [9] we constructed the WZ-type couplings preserving the 
UL(N) × UR(N) non-Abelian gauge symmetry of the ABJM the-
ory. This was achieved by appropriately choosing the scalar ﬁeld 
dependence of the form ﬁelds and selecting single traces from 
all possible contractions of non-Abelian gauge indices. After cir-
cle compactiﬁcation, these restrictions successfully reproduced the 
Myers couplings with symmetrized-trace in type IIA string theory.
The WZ-type couplings should preserve not only the non-
Abelian gauge symmetries of the worldvolume theory but also the 
Abelian gauge symmetries of the bulk 11-dimensional supergravity. 
The action should be invariant under the Abelian gauge transforma-
tions (1.1) of the 3- and the 6-form gauge ﬁelds. The veriﬁcation of 
this invariance is what was missing in [9].
In this paper, we concentrate on the WZ-type coupling for the 
3-form gauge ﬁeld and showed that the WZ-type coupling in [9]
is invariant under the Abelian gauge transformation only when 
the non-Abelian gauge ﬁeld strengths vanish. In the case of non-
vanishing non-Abelian ﬁeld strengths, we identiﬁed a modiﬁcation 
by the terms involving those ﬁeld strengths, in order to make the 
WZ-type coupling invariant under the Abelian gauge transforma-
tion. We also found that the constructed gauge invariant 3-form 
coupling is expressed in a compact form (3.47). Extension of our 
study in this paper to the cases of the 6-form gauge ﬁeld and the 
non-linear form ﬁelds would be interesting.
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